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FOREWORD 
The present  report  is  one  of  a  series  of  three  reports 
describing  a  new  computer  program  which  predicts  turbulent 
boundary-layer  behavior  for  a  condition  involving  both  heat 
transfer  and  pressure  gradient.  Part  I  serves as  a  summary 
report  and  describes  the  general  analysis  which is utilized in 
the  numerical  calculations  scheme.  In  Part  IT,  the  requisite 
low  speed  formulation  consisting  of  a  constant  property  flow 
with  combined  pressure  gradient and  mass  transfer  is  described. 
Part  111  describes  the  numerical  and  computational  procedures 
involved  and  serves as a  computer  program  manual. 
The titles  in  the  series are: 
PART  I - Summary  Report - "Calculation  of  Turbulent  Boundary 
Layers  with  Heat  Transfer and  Pressure  Gradient 
Utilizing  a  Compressibility  Transformation,"  by 
C.  Economos  and J. Boccio. 
PART I1 - "Constant  Property  Turbulent  Boundary-Layer  Flow 
with  Simultaneous  Mass  Transfer  and  Pressure 
Gradient," by J. Boccio and  C.  Economos. 
PART  I11 - "Computer  Program  Manual, I' by J. Schneider  and 
J. Boccio . 
This  investigation was conducted  for  the  Langley  Research 
Center,  National  Aeronautics  and  Space  Administration,  under 
Contract  No.  NAS1-9624,  with Mr. Kazimierz  Czarnecki  as  the 
NASA Technical  Monitor. 
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An  analysis  of  the  incompressible  turbulent  boundary  layer, 
developing  under  the  combined  effects  of  mass  transfer  and 
pressure  gradient,  is  presented  in  this  paper.  A  strip-integral 
method  is  employed  whereby  two  of  the  three  govdrning  equations 
are  obtained  by  integrating  the  combined  momentum  and  continuity 
equation  to 50% and loo%, respectively,  of  the  boundary-layer 
height. The  latter  equation  is  the  usual  momentum-integral 
equation:  the  former  equation  requires  specification of shear 
at-the point V=n* = 0.5. Accordingly,  Clauser's  equilibrium 
eddy-viscosity  law is assumed  valid  at  this  point. The third 
and  final  equation is obtained  by  specifying  that Stevenson's 
velocity  profiles  apply  throughout  the  domain  of  interest,from 
which  a  skin-friction  law  can be derived. 
- -  
comparisons of the  numerical  results  with  the  experiments 
of  McQuaid,  which  include  combined  effects  of  variable  pressure 
gradient  and  mass  transfer,  show  good  agreement. 
v i i  
CALCULATION.OF TURBULENT BOUNDARY LAYERS WITH 
HEAT TRANSFER AND PRESSURE GRADIENT U T I L I Z I N G  A 
COMPRESSIBILITY TRANSFORMATION 
PART I1 - CONSTANT PROPERTY TURBULENT BOUNDARY - 
LAYER F L O W  WITH SIMULTANEOUS MASS 'TRANSFER AND 
PRESSURE GRADIENT 
By J. Boccio  and C. Economos 
General Applied Science Laboratories , InC 
INTRODUCTION 
I n  recent years  there has  been an increasingly greater  
i n t e r e s t  i n  tu rbulen t  boundary  layers .  O n  one  hand,  continuing 
research has been aimed toward finding an understanding of t u r -  
bulent  shear  f lows of  which the boundary layer i s  probably the 
mos t  i n t e re s t ing  example. On the other hand,  an i n s i s t e n t  demand 
s t i l l  e x i s t s  for r e l i a b l e  p r e d i c t i o n  methods t o  ca lcu la te  s t ream-  
w i s e  development of gross properties of the boundary layer as 
w e l l  a s  i ts  mean ve loc i ty  and  shea r - s t r e s s  d i s t r ibu t ion .  
The s e r i o u s  in te res t  i n  t u r b u l e n t  boundary layers has been 
evidenced by the f a c t  t h a t  r e l a t i v e l y  l a r g e  symposiums were 
ded ica t ed  to  t he  subject. I n  1968, two meetings were held - both 
of which served largely pragmatic  interests .  One held a t  Stanford 
Universi ty  (Reference 1) dea l t  w i th  the  s tudy  o f  i ncompress ib l e -  
tu rbulen t  boundary  layers ,  while t h e  s t u d y  of i ts  compressible 
counterpar t  was the primary concern a t   t h e  NASA sponsored meeting 
h e l d  a t  Langley  Field,   Virginia   (Reference 2 ) .  The 1968 'Stanford 
Conference revealed many i n t e r e s t i n g  a s p e c t s  of t h e  t e c h n i c a l  
problem associated with the s tudy of  incompress ib le  turbulen t  
flows Over impermeable surfaces subjected t o  both zero  and non- 
ze ro  p re s su re  g rad ien t s .  One outcome was the f a c t  t h a t  some 
i n t e g r a l  methods, s p e c i f i c a l l y  the d i s s i p a t i o n - i n t e g r a l  method 
of Alber (Reference 3 )  and the s t r i p - i n t e g r a l  method of Moses 
(Reference 4 )  were j u s t  a s  s u c c e s s f u l  i n  p r e d i c t i n g  t h e  m a n d a t o r y  
tes t  cases  posed as  the more e l a b o r a t e  d i f f e r e n t i a l  or mean-field 
methods of Mellor and Herring (Reference 51, Cebeci and S m i t h  
(Reference 6 )  and Beckwith and Bushnell  (Rcference 7). 
A t  the  Langley conference,  the publ ished theoret ical  pre-  
d i c t ions  by  Economos (Reference 8) deal ing  wi th  the  s tudy  of  
compress ib l e  tu rbu len t  boundary  l aye r s  ove r  f l a t  p l a t e s  w i th  
mass addi t ion  and ,  more r e c e n t l y ,  t h e  t h e o r e t i c a l  p r e d i c t i o n s  
made by Economos and  Boccio (Reference 9 )  t h a t  t r e a t  t h e  p r o b l e m  
of compressible boundary-layer development with pressure gradient 
and h e a t  t r a n s f e r  b u t  no mass - t r ans fe r  e f f ec t s  by u t i l i z i n g  a 
Coles '- type (Reference 10 )  compress ib i l i ty  t ransformat ion  has  
revived,  t o  some e x t e n t ,  t h e  u s e  of such types of  t ransformations 
in  the  s tudy  of  tu rbulen t  boundary- layer  f lows .  
A s  d i scussed  i n  P a r t  I o f  t h i s  r e p o r t ,  r e e x a m i n a t i o n  o f  t h i s  
c m p r e s s i b i l i t y  t r a n s f o r m a t i o n  i n  a n  e f f o r t  t o  improve v e l o c i t y  
p r o f i l e  r e p r e s e n t a t i o n ,  h a s  l e d  t o  the development of a somewhat 
more genera l  form  of t ransformation.   This  new form r e l a t e s  t h e  
compressible boundary-layer flow under the inf luence  of  pressure  
g rad ien t  and hea t  t r ans fe r  t o  an  incompress ib l e  one i n  which 
p r e s s u r e   g r a d i e n t  and mass t ransfer   occur   s imultaneously.   Thus,  
i n  o r d e r  t o  a c h i e v e  the o b j e c t i v e s  o f  t h i s  c o n t r a c t ,  t h e  f i r s t  
s t e p  was developnent of a formula t ion  which  descr ibed  the  la t te r  
f low.   This   report  w i l l  de sc r ibe  such  a formulation. 
An i n t e g r a l  method of approach has been chosen because of 
i t s  v i r t u e  o f  i n c o r p o r a t i n g  t h e s e  e f f e c t s  on t h e  t u r b u l e n c e  
s t r u c t u r e  i n  a n  i m p l i c i t  and g loba l  manner.  Thus, the  avoidance 
of  loca l  tu rbulence  assumpt ions  tha t  a re  requi red  i n  f i e l d  
m e t h o d s ,  t h e  f a c t  t h a t  t h e r e  i s  a dea r th  o f  co r robora t ive  expe r i -  
mental  information which relates  the dependence of  mass t r a n s f e r  
on eddy v i scos i ty ,  and  the  s impl i c i ty  of t h e  method, all go i n t o  
making the.  integral  approach an a t t r a c t i v e  c a l c u l a t i o n  t o o l  f o r  
th i s   endeavor .  
Accordingly, a t  t h e  o u t s e t ,  a two-parameter  prof i le  repre-  
s e n t a t i o n  i s  deemed necessary.  And because  of i t s  f i rmer   theo-  
r e t i ca l  bas i s ,  t he  S tevenson  de fec t  law (Reference 11) has  been 
chosen over those postulated by Mickley and Smith (Reference 1 2 )  
and  McQuaid (Reference 1 3 ) .  The analysis   could  have used the  
d e f e c t  law posed by Simpson (Reference 14) which is considered 
t o  b e  a logical  extension to  Coles  " law of  the wal l  - law of the  
wake formulat ion" to  account  for  the non-constancy of  the 
von Karman parameter,  kl , which occurs a t  lower momentum th ick-  
n e s s  Reynolds number (<  60001, b u t  i t s  added complication and only 
s l i g h t  improvement did  not  mandate i t s  use .  From t h e  d e f e c t  
v e l o c i t y  r e p r e s e n t a t i o n  emerges a s k i n - f r i c t i o n  law  from  which 
a d i f f e r e n t i a l  e q u a t i o n  c a n  b e  o b t a i n e d  r e l a t i n g  t h e  r e q u i s i t e  
t h ree  dependen t  va r i ab le s  tha t  de f ine  the  sys t em:  namely, t h e  
Coles wake parameter,  n , t he  wa l l  sk in - f r i c t ion  pa rame te r ,  o , 
and the Reynolds number based upon boundary-layer height,  R . 
Consequen t ly ,  i n  add i t ion  to  th i s  equa t ion  and the  usua l  momen- 
tum-integral  equation, a t h i r d  d i f f e r e n t i a l  e q u a t i o n  is requi red  
to  close the  system. I n  t h i s   con tex t ,   s eve ra l   app roaches   a r e  
ava i l ab le  based  upon t h e i r  success r e p o r t e d  a t  t h e  1968 Sfanford 
conference.  For example,  higher moment equat ions  such  as  the 
moment of momentum equa t ion  a s  Alber u s e s  for the non-transpired 
problem  can be u t i l i z e d .  And indeed ,  t h i s  has  been t h e  c a s e  i n  
the method of Lubard and Fernandez (Reference 15) who have 
t r ea t ed  the  iden t i ca l  p rob lem as  tha t  p re sen ted  he re in .  However, 
t o  implement t h i s  method they m u s t  extend the procedure of Alber 
by  no t  on ly  uncoup l ing  the  a t t endan t  d i s s ipa t ion  in t eg ra l  f r an  
t h e  l o c a l  p r e s s u r e  g r a d i e n t ,  b u t  t h e y  m u s t  a l so  decouple  i t s  
dependence  from  the  mass t ransfer   ra te .   Consequent ly ,  i n  addi- 
t i o n  t o  u s i n g  A l b e r ' s  e m p i r i c a l  c u r v e  f i t  which r e l a t e s  t h e  
Clauser  shape  parameter  wi th  pressure  grad ien t  parameter  and 
which they have to  gene ra l i ze  to  accoun t  fo r  mass t r a n s f e r ,  
they  must  fur ther  assume spec ia l  forms  for  the  var ia t ion  of  mass 
t r a n s f e r  r a t e  t o  associate  with an "equi l ibr ium" f low i n  o rde r  
to  close their   system.  Although  the  numerical   examples cited 
a r e  found to be weakly dependent upon which v a r i a t i o n  ( t h r e e  i n  
a l l )  is  used  and  a l though  they  p resen t  r a the r  good agreement 
with experiments,  it i s  f e l t  t h a t  u s e  of such an assumption 
could be r e s t r i c t i v e  i n s o f a r  a s  i n c o r p o r a t i n g  it i n t o  o t h e r  
types  of p re s su re  g rad ien t  and mass t r a n s f e r  r a t e  d i s t r i b u t i o n s .  
- 
- 
Accordingly,  the approach taken herein t o  obtain the remain-  
ing governing equation and which is  f e l t   t o  be one degree less 
empi r i ca l  w i t h  regard t o  i t s  extension t o  problems involving 
t r a n s p i r a t i o n  is  t h e  s t r i p - i n t e g r a l  method of  Moses - a method 
which has  a lso enjoyed reasonable  success  a t  t h e  S t a n f o r d  con- 
ference. This   addi t iona l   equa t ion  is obta ined   by   in tegra t ing  
the momentum equat ion up to  50% of the boundary-layer  height ,  
a t  which  poin t  the  shear  stress is a p r i o r i  assumed t o  be t h a t  
pos tu l a t ed  by Clauser (Reference 1 6 )  for  equi l ibr ium f lows.  
Thus8 an assumption based upon equilibrium flows extended t o  
account for  mass t r a n s f e r  and a r b i t r a r y  p r e s s u r e  g r a d i e n t  i s  
r equ i r ed  here a s  w e l l  a s  i n  ' t he  method of Reference 15. However, 
this assumption i-s o n l y  r e q u i r e d  a t  o n e  p o i n t  i n  the boundary 
l a y e r  and n o t  a c r o s s  t h e  e n t i r e  boundary layer  as  i s  requi red  
in the aforementioned reference. Also ,  no empir ica l  c u r v e  f i t  
of non-transpired boundary-layer data a p r i o r i  e x t e n d e d  t o  the 
transpired problem need be made. 
I n  t he  fo l lowing  sec t ions ,  the i n t e g r a l  method i s  developed 
for the two-dimensional case and for the case  where the i n j e c t a n t  
is t he ' s ame   f lu id   a s   t he   ex t e rna l   s t r eam.   Numer ica l   r e su l t s  a re  
ob ta ined  fo r  three specific  problems,  namely,   those termed by 
McQuaid (Reference 1 7 )  a s  p r e s s ~ r e  d i s t r i b u t i o n  I ,  11, 111. 
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SYMBOLS 
A e l e m e n t s   o f   o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n s ,  i c . f .  Appendix  and Eq. (38) 
A(cp,vw) f u n c t i o n a l  form, c . f .  Eq.  ( 2 4 )  
" 
C column v e c t o r   r e l a t i n g  t o  right-hand-side of the system 
j of o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n s  c . f .  Appendix  and 
Equation ( 3 8 )  
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f u n c t i o n a l  form, c . f .  Eq. (23) 
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d e f i n i t e  i n t eg ra l s  desc r ibed  by  Eq. ( A - 4 )  
func t iona l   form,   c . f .  Eq. (26) 
c o n s t a n t ,  0.4115 
c o n s t a n t ,  4 .9  
e x t e r n a l  p r e s s u r e ,  lb/ft" 
i = 1, ... ,5 func t iona l   forms ,  c . f .  Eq. (A-5) 
Reynolds number based upon boundary-layer  height ,  
(' Ue,o s/l;  1 
- .  
g e n e r a l i z e d   v e l o c i t y   f u n c t i o n ,   c . f .  E q .  ( 8 )  
5 
U ue/u 
u r U  s h e a r   v e l o c i t i e s ,  (?/;)' , (7 /6)' , r e s p e c t i v e l y ,   f t / s e c  
e e,o 
" 
r r w  W 
Wi) difference  between  outer   edge  value and l o c a l   v a l u e  
of Coles wake func t ion ,  c. f .  E q .  (19) 
W G j )  Coles wake func t ion  
wi( '))  ; i = 1,2,3 var ious   cu rve  f i t s  t o  Coles wake func t ibn ,  
c . f .  Eq. (21) 







8 exper imenta l   cons tan t  (0.018) i n  the d e s c r i p t i o n  c,f 
v a l u e  of y a t  laminar  sub-layer height 
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8 eddy v i s c o s i t y ,  f t2/sec 
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- 
7r Coles wake parameter 
- 
P d e n s i t y ,  l b  sec"/ft4 
r, e/a 
shea r  stress, lb/f t"  
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Subscr ip ts  
0 p e r t a i n s  t o  l o c a l   c o n d i t i o n   a t  e d g e  of boundary  layer e 
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( I * '  d e s i g n a t e s   p r o p e r t i e s   a t ?* 
( ('*I designates   integrat ion  performed  between 
the couple ( O , i * )  




A. Basic  Equations 
The d i f f e r e n t i a l  e q u a t i o n s  d e s c r i b i n g  t h e  mean f l o w  
of an incompressible  turbulent  boundary layer  for  a two- 
d imens iona l  f low f ie ld  a re  taken  t o  be 
Continui ty:  
Momentum : 
Shear Stress: 
Externa 1 Flow: 
The developing f low-field is sub jec t  t o  the  boundary  cond i t ions  
8 
where the s u p e r s c r i p t  (-1 denotes , '  un less  otherwirre noted, t h a t  
the ' quan t i ty  has been ratioed with the local edge v e l o c i t y ,  u . 
I n  a d d i t i o n ,  the f o l l o w i n g  d e f i n i t i o n s  a r e  r e q u i r e d ,  namely: 
- * 
e 
( 1 3 i n i t i a l   q u a n t i t i e s  
( I *  5 properties a t  i = ;i* 
( ex te rna l   co d i t ions .  




* To be c o n e i s t a n t  with Par t s  I and I11 of this oont rac tua l  
r equ i r emen t ,  supe r sc r ip t  ( -1 connote8 properties i n  the 
incompressible  plane.  
9 
I 
Any number of d i f f e r e n t i a l  e q u a t i o n s  c a n  be obta ined  by eva l -  
ua t ing   Equat ion  (5) a t  d i f f e r e n t  v a l u e s  o f  4.. Evaluat ion a t  
?* = 1 r e s u l t s  i n  the usual momentum-integral  equation.,  
Accordingly, with two unknown parameters assumed for  the v e l o c i t y  
p r o f i l e  r e p r e s e n t a t i o n  (which i s  t o  be d i s c u s s e d  l a t e r ) ,  o n l y  o n e  
a d d i t i o n a l  e q u a t i o n  and choice o f  5j* i s  required.   Values of Tj* 
between 0.2 t o  0.5 have been t r ied by Moses and by Baronti 
(Reference 18) with l i t t l e  effect  on the f i n a l  r e s u l t s .  Thus, the 
arguments posed by these t w o  au tho r s  a re  ex tended  here by consider-  
i n g  as the  second govern ing  equat ion  tha t  which r e s u l t s  b y  l e t t i n g  
q* = 0.5, a t  which p o i n t  C l a u s e r ' s  eddy v i s c o s i t y  law is  also 
assumed t o  hold, i . e .  
- 
Considering the m o l e c u l a r  v i s c o s i t y  n e g l i g i b l e  a t  77" = 0.5  
then the s h e a r  stress becomes 
where the normalized displacement  thickness  i s  
B. Veloc i ty  P r o f i l e  Representat ion 
The turbulen t  boundary  layer  is g e n e r a l l y  asswned t o  c o n s i s t  
of three d i s t i n c t  flow regions:  (1) t h e  v i s c o u s  s u b l a y e r ,  (2) the 
t u r b u l e n t  core, and ( 3 )  the  wake region.  A f o u r t h   r e g i o n  termed 
as a b u f f e r  or b lending  reg ion  which is  bracketed by regions (1) 
and ( 2 )  above must also be c o n s i d e r e d  i n  the d e s c r i p t i o n  of a 
tu rbulen t   boundary   l ayer .  However, bu f fe r   r eg ion   expres s ions  a r e  
n o t  as  w e l l  agreed on and normally any expression fo r  this reg ion  
incorpora tes  the. sublayer  or the sublayer  and  turbulen t  core 
(Kleinstein,   Reference 1 9 ) .  
10 
I n  the viscous  sublayer ,   molecular   viscosi tk   dominates .   In  
the b u f f e r  r e g i o n ,  t r a n s i t i o n  t o  the f u l l y  t u r b u l e n t  p a r t  of the 
boundary layer  takes  place and the laminar  and turbulent  mechanism 
appear  t o  be  of  equal  impor tance .  In  the t u r b u l e n t  core, molecular 
v i s c o s i t y  is  assumed t o  completely lose i ts  s igni f icance  and  the  
v e l o c i t y  p r o f i l e  depends  only  on the turbulence.  Beyond the 
t u r b u l e n t  core is the wake reg ion  which is e s s e n t i a l l y  a n o t h e r  
t r a n s i t i o n  r e g i o n  i-r! t h a t  the turbulence  becomes intermit+.ent and 
the  flow changes from f u l l y  t u r b u l e n t  t o  the free strear. ;  condition. 
In  incompressible  f l o w  over  impermeable f l a t  p l a t e s ,  v a r i o u s  
".laws"  have  been  used t o  describe these regions.  Regions (11, (2) 
and the buf fe r  r eg ion ,  which is  no t  cons ide red  any  fu r the r  i n  this 
report ,  a r e  referred t o  a s  the ' ' law  of the w a l l "  region.  The wa'ke 
reg ion ,  so ca l led  because  of the f l o w  s i m i l a r i t y  t o  t h a t  of a 
wake propagat ing  in to  an  o therwise  undis turbed  f low,  has  been  
described by the "law of the wake" devised by Coles (Reference 20). 
The extens ion  of these laws to d e s c r i b e  t h e  v e l o c i t y  p r o f i l e s  
over  permeable bodies a r e  d i s c u s s e d  t n  thi-s sec t ion .  The formula- 
t i o r  i s  brief and  represents  a  summary of e x i s t i n g  work due t o  
s e v e r a l  c o n t r i b u t o r s :  a d d i t i o n a l  d i s c u s s i o n s  o n  t h i s  sub jec t  can  
be found in  Reference  21.  
A th ree- layer  model of the boundary layer is  considered and 
w i t h i n  this  framework, the choice  of t h e  p r o f i l e s  i s  b e l i e v e d  t o  
be the b e s t  r e p r e s e n t a t i o n  a v a i l a b l e .  
A g e n e r a l i z e d  v e l o c i t y  f u n c t i o n  d e f i n e d  a s  
U = s' du /uT -+ -+ 
is  introduced where 
u -  
-+ - - 
7  
11 
Now, i n  c o n s i d e r i n g  the r a m i f i c a t i o n s  associated w i t h  the 
d e f i n i t i o n s  of the laminar sublayer and the law of the w a l l ,  
namely, t h a t  w i t h i n  these reg ions  the s t reamwise gradients  do 
n o t  s i g n i f i c a n t l y  a f f e c t  the s h e a r  d i s t r i b u t i o n ,  r e g u i r e s  t h e n  
t h a t  th i s  g e n e r a l i z e d  v e l o c i t y  f u n c t i o n  be 
u = (2/G+) [ ( l + v  u 1 - 11 -+-+ $ ( 9 )  
W W 
Furthermore,  within the laminar  sublayer  where it i s  assumed 
” - 
t h a t  t h e  q u a n t i t y  E+ , i . e . ,  ( p c / p )  is considered much less than 
u n i t y ,  i t  follows t h a t  the  v e l o c i t y  d i s t r i b u t i o n  i+of  the form 
u  v = exp (vw y 1 - 1 -+-+ -+ -+ 
W O < Y  S Y s  
-f -+ 
where a measure of the l amina r   sub laye r   he igh t ,  i s ,  a s   y e t ,  
unknown and where 
S I  
- + ”  - 
v = VW/UTW = vw(p 
” 
W 
With regard t o  the law-of-the-wall  region  where E is 
-+ 
considered t o  be much l a r g e r  t h a n  u n i t y  t h e n  
-+ dU -+ 
€ “ f = U  
d Y  7 
Accordingly,  by considering the momentum t r anspor t  t heo ry  of 
P r a n d t l  w i t h  i t s  at tendant  mixin.g- length hypothesis ,  namely t h a t  
-+ -+ -+ 
.c = k . p 7  Y 
y i e l d s ,  when s u b s t i t u t e d  i n t o  t h e  above equat ion and integrated,  
-+ -+ 
Y . >  Ys 
12 
The cons tan t s  k2  and kl a r e  t a k e n  t o  be those a s s o c i a t e d  w i t h  
the zero  mass- t ransfer   case.  A p o s t e r i o r i  j u s t i f i c a t i o n  f o r  
th is  assumption has been provided by experimental  neasureients  
for the  ze ro  p re s su re -g rad ien t , ca se  w i t h  ma,ss in j ec t ion  and  is 
discussed i n  Reference 21 .  For   pressure-gradient   cases  i t s  
experiments.  
~ j u s t i f i c a t i o n  w i l l  be provided by comparisons w i t h  the , 
Finally,  by combining Equation (9) w i t h  Equation (13) there is 
obtained the law-of-the-wall  equation w i t h  t r a n s p i r a t i o n  i n '  ' 
the form 
w h i c h  i s  i d e n t i c a l  t o  that  deduced by Stevenson. To canple te  
the p r o f i l e  f o r m u l a t i o n  w i t h i n  t h e s e  two reg ions ,  the value .of  -+ y must be determined.  Requiring the ve loCi ty  t o  be continuous 
a t  t h i s  p o i n t  r e q u i r e s  the equal i ty  of  Equat ion  (10) and 
Equation (14) which is  provided i f  
With the ve loc i ty  p ro f i l e s  de t e rmined  wi th in  the inner  
t u r b u l e n t  region, t h e  v a r i a t i o n  i n  t h e  O u t e r  r e g i o n ,  the 
so-cal led defect law, i s  r e a d i l y  d e r i v a b l e  fran a dimensional 
s imilar i ty  argument .  Thus,  by consider ing the exis tence of a 
reg ion  of common va l id i ty  be tween  the law-of-the-wall and the 
. law-of-the-wake and the f a c t   t h a t   t h e   l a t t e r  l a w  avoids  a 
direct  conf ron ta t ion  w i t h  t h e  p h y s i c a l  mechanism of shear  
t u rbu lence  r equ i r e s  the  de fec t  l a w  t o  have  the  form 
I d e n t i f y i n g  the func t ion ,  f ,  w i t h  t he  gene ra l i zed  
v e l o c i t y  f u n c t i o n ,  U, t hen  r equ i r e s  that F ( q )  must be 
13 
and, by considering the u n i v e r s a l i t y  0f.F ( i j ) ,  then  i t s  reppe- 
s e n t a t i o n  can  be taken from t h a t  which is  a s s o c i a t e d  with the 
impermeable w a l l  problems. Thus,  i n  the spirit of Coles, F ( 5 )  
behaves l ike  
where 
and w 6 )  is  t h e  so-called Coles Wake funct ion.  Thus;  the defect 
l a w  is obtained by equating Equation (17) with Equat ion (18), 
thereby y i e l d i n g  the genera l  represehkat ion  wi th in  the outer 
l aye r ,  i.e.; 
w h i c h  f u r t h e r  d e m o n s t r a t e s  t h e  u t i l i t y  of the genera l ized  
v e l o c i t y  f u n c t i o n  U. 
Thus, the v e l o c i t y  p r o f i l e  r e p r e s e n t a t i o n ,  t a k e n  i n  
concer t ,  i s  
Inner Region, law-of-the-wall region 
-+-+ ,+ "I. u v = exp (vw y ) -I 
W 
(2/;1;+ ) [ ( l + u  --"-+ v )'-1] = k Z + ( l / k l ) h  7' + -+ 
W W ' > 'S (20b) 




Various curve f i t s  t o  the Coles wake funct ion have been 
incorpora ted  in to  the  numer ica l  p rogram,  namely 
2 3  w (7) = w1 (Y) = 2 (377 -27  ) 
w(-) 5 w2 (v) = 1-COSTij (2 1) 
4 w ( 7 )  w3 (7) = . 3 m 3 - 1 2 5 ~   + 1 8 3 ~ ~ - . 1 3 3 ~  6 + 8 ~  7 
.Hq.vever, on ly  the r e s u l t s  u s i n g  w,(y) are presented  here in .  
A working form of the v e l o c i t y - p r o f i l e  r e p r e s e n t a t i o n  i s  
obtained from Equation(2Od).  by normalizing the velocity 
component W i t h  me and   the   phys ica l  height wi th   y i e ld ing  
tine fo l lowing  ve loc i ty -  p ro f i l e  r ep resen ta t ion ,  wh ich  is con- 
. sidered t o  be more s u i t a b l e  for i n t e g r a t i o n  a n d  d i f f e r e n t i a t i o n .  
where 
K P - (l/kl) 
N o t e ,  Equat.ion ( 2 2 )  is s t r i c t l y  a p p l i c a b l e  o u t s i d e  t h e  l a m i n a r  
sublayer  region:  t h u s  t h i s  region i s  neglec ted  when t h i s  equat ion 
i s  s u b s t i t u t e d  i n  the i n t e g r a l s  a s s o c i a t e d  w i t h  Equation ( 5 ) .  
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C .  The S k i n   F r i c t i o n  Law 
A direct consequence of Equation (a) is t h e  s k i n - f r i c t i o n  
l a w  obta ined  by  p lac ing  7j equal  to u n i t y  a t  = 8 .  S l i g h t  
man ipu la t ions  y i e ld  
which can be r e w r i t t e n  as  
(l+q2Gw)’ = 1+ (9 W q / 2 )  [k2+ (l/kl) .Cn @fie/$) + (2n /k l )  1 (28b) 
wi th ,  acco rd ing  to  the curve f i ts  of the wake func t ion ,  
w ( 1 )  = 2 
This equation, which relates t h e  s k i n - f r i c t i o n  parameter, 0, 
a scaled boundary-layer  thickness ,  E, and the  wake parameter, 
n,  t o  the  independent  var iab le ,  x, c o n s t i t u t e s  the remaining 
equation of the problem a t  hand. Implicit i n  t h e  e q u a t i o n  i s  
t h e  x-wise dependency of Gw s i n c e  i3, and 5 are  cons idered  t o  
be known funct ions  of j?. For later computational  convenience 
d i f f e r e n t i a t i n g   E q u a t i o n  (28b) wi th  respect t o  y i e l d s  af ter  





I t  c a n  e a s i l y  be shown tha t  i n  the limit of vw-0 the  above  
e q u a t i o n  r e d u c e s  t o  t h a t  f o r  t h e  impermeable case which 
comprises p a r t  of the  ana lys i s  found  in  Refe rence  9 .  
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D. F i n a l  Working Forms of  the  Governing  Equations 
B y  examining the form of t h e  v e l o c i t y  p r o f i l e  g i v e n  by 
Equation ( 2 2 )  and   t he   i n t eg ra t ion   r equ i r ed  i n  Equation ( 5 ) ,  i t  
is  deemed more convenient i n  de f in ing  in t eg ra l s  o f  t he  form 
where it can be r e a d i l y  shown t h a t  t h e  term mul t ip ly ing  
d/d% (.Cz), i n  t h e  l a t t e r  e q u a t i o n  c a n  b e  r e p l a c e d  w i t h  
Now, by  cons ider ing  the  func t iona l  dependency  of  these  in tegra l  
forms on the dependent  var iables ,  z, IT, R a n d  t h e i r  i m p l i c i t  
dependence on the independent variable, x., th rough the  poss ib le  
streamwise va r i a t ion  o f  T7 and Ti  , t h e n  t h e  r e q u i s i t e  
d i f f e ren t i a t ion  o f  t hese  Yn teg ray  forms when s u b s t i t u t e d  
back  in to  Equat ion  (5)  w i l l ,  a f t e r  co l l ec t ing  t e rms ,  p roduce  




- vw - = vJue,o 
Not ing  tha t  the  auxi l ia ry  equat ion  descr ibed  above  will 
y i e l d  i d e n t i c a l l y  t h e  s o - c a l l e d  m a n e n t u m - i n t e g r a l  e q u a t i o n  i f  
t h e  i n t e g r a t i o n  is  performed up to 7 = 1 Mith G*and p* equal  
t o  one and  ze ro  r e spec t ive ly  a t  th i s  po in t j , t hen  it can be shown, 
formally a t  least, t h a t  t h e  l a s t  a n d  f i n a l  g o v e r n i n g  e q u a t i o n  
can be w r i t t e n   a s  
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where t h e  s u p e r s c r i p t  (1) i n d i c a t e s  t h a t  the func t ions  are to 
be e v a l u a t e d ' a t  t, = 1. A l s o ,  i n  terms o€ t h e  d e f i n i t i o n s ,  
AI and i$# the normalized momentum and displacement thickness 
are respectively 
'The-necessary  equations t q  valu Le  the terms F (5* 1 (5" 1 ' F2 
(q*7,  A2?Q*) .  a re   g iven  1 i n  t he  ( v * ) ,  and the terms A, ? 
Appendix.  Also, i n  l i e u  of the  above  equat ions,   the  shear F3 
" 
stress, T * ,  can now be formal ly  represented  by 
- 
A1 A4 A7 
c 3  (TI *3 A6 A9 
(38)  c2 = (&a) I A2 AS A€3 
Vncp)  I 
where the c , o e f f i c i e n t s  Ai and C are a l s o  g iven  i n  the Appendix. 
j 
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The in tegra t ion  of  the  sys tem (38) can be r e a d i l y  c a r r i e d  
out  by  means of  a high-speed computer, with the 'development of 
the boundary , layer  thvs being determined once the external  
p r e s s u r e  f i e l d ,  - t h e  m a s s - t r a n s f e r  d i s t r i b u t i o n ,  a n d  t h e  i n i t i a l  
c o n d i t i o n s  a r e  prescribed. 
E. I n i t i a l   a n d  Boundary  Conditions 
For boundary conditions a l l   t h a t  is requi red  i s  a s p e c i f i -  
ca t ion  o f  t he  ex te rna l  and  wall v e l o c i t y  d i s t r i b u t i o n  a n d  t h e  
uni t   Reynolds  number. The i n i t i a l  c o n d i t i o n s  which a r e  
n e c e s s a r y  i n  o r d e r  to  numerical ly  integrate  the above system 
of equa t ions  a re  the  va lues  . o f  p, IT, and E a t  some i n i t i a l   s t a t i o n ,  - 
xO 
Usua l ly ,  i n t eg ra t ion  w i l l  s t a r t   a t  a s t a t i o n  where there  i s  
an  expe r imen ta l ly  de t e rmined  ve loc i ty  p ro f i l e .  Then a p l o t  o f  ti 
versus  Ry can be generated f r o m  which can be a sce r t a ined .  A l s o ,  
by making  severa l  jud ic ious  guesses  on  v, a ' log- law' ,  i .e . ,  
Equation (14) which best describes the  da t a  can  be a sc r ibed .  
The r e s u l t  is a genera l ized  'Clauser  P l o t ' ,  a s  shown in  F igu re  1 
from which t h e  desired va lue  of  (p can be obtained.  With 3 and 
R nuw known, t h e  t h i r d  p a r a m e t e r ,  IT, i s  obtained by so lv ing  
t h e  s k i n - f r i c t i o n  law,  Equation (28b), which is' r e c a s t  
b e l o w  i n  a s l i gh t ly  d i f f e ren . t .  f o rm,  i .e . ,  
- 
where  by  de f in i t i on  e i s  un i ty .  e 
If one wished t o  i n i t i a t e   t h e   s o l u t i o n   a t  a leading edge, 
t h e  a s s u m p t i o n  i m p l i c i t  i n  t h e  a n a l y s i s  a r e  t h a t  a t  X =O 
0 
= 13.55 
( I T ) ,  = 0.6 
from which t h e  s k i n - f r i c t i o n  l a w ,  y i e lds  an  expres s ion  fo r  
R , namely - 
a = exPC (0.06073fiw) c ( 1  +183.603~w)'-11-0.6104} (40) 
for   the   l ead . ing  edge value  once a (9 ) is prescr ibed .  w o  
19 
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RESULTS AND DISCUSSIONS 
The numer i ca l  r e su l t s  o f  t he  ana lys i s  of the previous 
section have been compared with the experimental  data  of  
McQuaid (Reference 1 7 ) .  I n  the   th ree   cases   cons idered ,   the  
pressure  grad ien t  and  b lowing  ra te  were var ied s imultaneously 
b u t  were r e s t r i c t e d  t o  a i r  i n t o  a i r  i n j e c t i o n  w i t h o u t  h e a t  
transfer.   Boundary-layer  developments were measured  with h- 
j e c t i o n   r a t e s  ( C w / i  ) between 0 and 0.0008 a t   f r e e s t r e a m  
veloci t ies  of 50 an5’0150  f t /sec.  A t  t h e  o u t s e t ,  it must  be 
s t a t e d  t h a t  t h e  s k i n - f r i c t i o n  c o m p a r i s o n  is  not made wi th  the  
experimental   values  quoted by  McQuaid. I t  is f e l t ,  and a s  
McQuaid c o n c e d e s ,  t h a t  c o n s i d e r a b l e  e r r o r s  c a n  a c c r u e  i f  u s e  
i s  made of the momentum-integral equation to  expe r imen ta l ly  in fe r  
t h e  w a l l  s k i n - f r i c t i o n  v a l u e .  I n s t e a d , . a n d  a s  McQuaid s u g g e s t s ,  
t h e  s k i n - f r i c t i o n  c o e f f i c i e n t  u s e d  i n  a l l  t h e  examples c i t e d  
is  t h a t  which has been estimated by means of  the Clauser  Plot  
method previous ly   descr ibed  i n  Sec t ion  E .  I n  gene ra l ,   t he  
agreement in a l l  t h r e e  c a s e s  is q u i t e  e x c e l l e n t .  
McQuaid Pressure Gradient  I .  - I n  th i s  case ,  the  boundary  
layer has developed under a mi ld  adverse  pressure  grad ien t  and 
a mild increase in  blowing rate. Figure 2 shows the exce l l en t  
agreement between the analysis and t h e  s k i n - f r i c t i o n  and 
i n t e g r a l  d a t a  over the entire range. The a b i l i t y  of the 
a n a l y s i s  t o  p r e d i c t  t h e  v e l o c i t y  p r o f i l e s  i s  also demonstrated 
i n  t h e  n e x t  f i g u r e .  I n  F i g u r e  3 ,  only  three  prof i le  compar isons  
a r e  shown;  one a t  the  forward  por t ion  of  the r eg ion  o f  i n t e re s t ,  
one i n  the c e n t e r ,  and  one a t  t h e  end of the measurement  domain. 
Ten such profiles have been measured by McQuaid and a l l  have 
been  compared w i t h  t h e  e x i s t i n g  a n a l y s i s  showing s imi l a r  and 
o f t t imes  bet ter  agreement  than those presented herein.  
McQuaid P res su re  Di s t r ibu t ion  11. - A mild favorable 
p r e s s u r e  d i s t r i b u t i o n ,  t o g e t h e r  w i t h  a decrease i n  the blowing 
r a t e , g i v e s  rise t o  the experimental  data  reported by McQuaid f o r  
t h i s  test  configurat ion.   Again,   the   agreement  of s k i n  f r i c t i o n ,  
form f a c t o r ,  momentum t h i c k n e s s ,  a n d ’ v e l o c i t y  p r o f i l e s  a s  
portrayed i n  F igures  4 and 5, i s  q u i t e  good. 
McQuaid .“I_“ Pressu re   D i s t r ibu t ion  I11 - I n  t h i s   f i n a l   c a s e ,  the 
severest pressure  grad ien t  is considered. Over  a span  of  approx- 
imately 30 inches  the  ex te rna l  ve loc i ty  has  inc reased  by  a 
fac tor  of  two whi le  the  b lowing  ra te  has  increased  three- fo ld .  
Again,  the comparisons as exemplified i n  Figures 6 and 7 show 
rather  remarkable  agreement.  Also, a s   b e f o r e ,   a l l   t e n   p r o f i l e s  
reported have been compared, a l l  showing s imilar  comparat ive 
agreement. 21 
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CONCLUSIONS 
An i n t e g r a l  method has been deve loped  fo r  ca l cu la t ing  the 
development of an incompressible boundary layer under the 
simuJtaneous inf.luence of both mass t r a n s f e r  and pressure 
g rad ien t .  N o  need t o  gene ra t e  new empir ical  constants  has  been 
requi red :  and  a l so  there has been no need t o   u t i l i z e   c u r v e   f i t s  
of non-transpired boundary layer  data  in  the numerical  program. 
The numerical  program i s  qu i t e  s imple  and fas t ,  t ak ' ing  approxi -  
mately 20 seconds t o  complete a case during which t i m e  t e n  
t h e o r e t i c a l  v e l o c i t y  p r o f i l e s  can a l s o  be generated.  N o  sub- 
s t a n t i a l   e f f o r t  has been made t o  compare t h i s  a n a l y s i s  w i t h  the 
i n t e g r a l  method of Lubard and Fernandez; suffice .to say that  
both methods show similar comparat ive  tendencies .  However, it 
i s  f e l t  t h a t  the approach  present  here in  is less empir ical  than 
that  of Lubard and Fernandez, or s t a t e d  somewhat d i f f e r e n t l y ,  
the empi r i c i sm requ i r ed  man i fe s t s  i t s e l f  on ly  a t  a d i s c r e t e .  
p o i n t  of the boundary layer ,  namely,  the assumption that  
Clauser ' s  eddy-v iscos i ty  l a w  is v a l i d  a t  o n l y  one p o i n t ,  namely 
a t  i j  * = 0.5. Hence, there is no  need t o  assume g r o s s  p r o f i l e  
behavior as i s  requi red  in  Reference  15 ,  where 
1. a curve f i t  o f  c l ause r ' , s  equ i l ib r ium fo rm fac to r  
w i t h  p r e s s u r e  g r a d i e n t  i e  r e q u i r e d .  
2. t h i s  same curve f i t  must bs extended t o  inc lude  
the t r a n s p i r e d  problema, and 
3.  .a need t b  def ine  an  equi l ibr ium flow w i t h  mass 
t r a n s f e r  i s  mandatory. 
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APPENDIX A 
I. The P r o f i l e  Parameters h l ,  A, 
Cons ide r ing  the  ve loc i ty  p ro f i l e  r ep resen ted  by  Equation 
( 2 2 )  and, for convenience   rewr i t ten  here, i . e . ,  
where 
B(qW) f (1/4)Gw 
u ” = u/ue, vw = Vw/Ge ” - 
and s u b s t i t u t i n g  i n t o  t h e  d e f i n i t i o n s  for Al,A .y ie lds  formal ly  
t w o  express ions  of t h e  form 
2 
where  the  supe r sc r ip t ,  ( f i )  imp l i e s  t he  ;;-dependency of the  
func t ions  brought  about  by t h e  i n t e g r a t i o n  i n t e r v a l  ( 0 , r ) ) .  
- 
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The express ions  for  the  Q's i n v o l v e  i n t e g r a l s  i n  t'ne form 
where the  powers p and q r ep resen t  i n t ege r s  r ang ing  from 0 t o  
4 .  Accordingly it can be shown t h a t  
+ 4 J ( V ) K  1(7,1,3)+K I (T,0 ,4)  3 4 
and spec i f i ca t ion  o f  a curve f i t  t o  the Coles wake func t ion ,  
i .e. ,  
w ( ~ )  = 2 ( 3 ~  - 2 e 3 )  -2 (A-6a) 
o r  
w ( i j )  = 1 - cos ( n f )  ( A - 6 b )  
i s  all t h a t .  is  r e q u i r e d  t o  e v a l u a t e  the Q ' s  f o r  any ij. 
. .. 
11. Der iva t ives  of  t h e   P r o f i l e   P a r a m e t e r s  
Examining t h e  a u x i l i a r y  e q u a t i o n  i n  t h e  body of  the  r epor t ,  
i . e . ,  Equation ( 5  ) i n d i c a t e s  t h a t  t h e s e  p r o f i l e  p a r a m e t e r s  
must a l s o  be d i f f e r e n t i a t e d  s i n c e  t h e  term 
can be w r i t t e n   a s  
and s i n c e  ij* is  a c o n s t a n t  ( t a k e n  h e r e  t o  be 0 5)  then  the  
o r i g i n a l  t e r m  i n  the  aux i l i a ry  equa t ion  can  be replaced by 
Now,consider ing the funct ional  dependency of  the A ' s  on 
Q , v , ~  and t h a t  - 
W 
Then the above expression when d i f f e r e n t i a t e d  and common 
terms collected can be expressed symbolically as 
31 
where  the  express ions  for  the  F's a r e  
' r l*)= A 2 (dQ3/da) +2AB (dQ4/an) +B 2 (dQ,/ds) + F3 
Note, tha t  for  convenience ,  the  ind ica t ion  of  dependency  of 
the  var ious  func t ions  on  the  govern ing  var iab les  has  been 
dropped  here.  Furthermore, it can   r ead i ly  be shown t h a t  
(dQ5/da) = (dJ/dn) L4J I ( i j ,4 ,0 )  +12J  K I  ( 5 , 3 , 1 )  + 1 2 J K  I (c, 2 , 2 )  3 2 2 
32 
Likewise the various derivatives of A are 
and for B all tha t  is  required i s  
(dB/dcw) = (1/4) 
(A-12) 
33 
I11 Elements of S y s t e m  ( 3 8 )  
Note: Since = v f i e  = (v f i  - 
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